15. Mean Value Theorems

Exercise 15.1

1 A. Question

Discuss the applicability of Rolle’s theorem for the following functions on the indicated intervals :
f(x) =3 + (x - 2)?3 on [1, 3]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

(i) Given function is:

2
= f(x) = 3 + (x—2)z on[1.3]
Let us check the differentiability of the function f(x).

Let’s find the derivative of f(x),

=f® = 2(3 + (x-2)3)

z
d((x—z]E
ﬁf’(x) _ d(3) + )

dx dx
' 2 24
=f(x) =0+ E(X—Z)a

= f(x) = S(x- 27

2

=f'(x) =

1
3(x—-2)=

Let’s the differentiability at the value of x = 2

. . 2
= limf'(x) = lim T
x—=2 x—2 3(3_2]5

2

= limf'(x) = -
x—2 2(2-2)3

2

= limf(x) = 55

= lin%f’(x) = undefined
K—
. fis not differentiable at x = 2, so it is not differentiable in the closed interval (1,3).
So, Rolle’s theorem is not applicable for the function f on the interval [1,3].
1 B. Question

Discuss the applicability of Rolle’s theorem for the following functions on the indicated intervals :

f(x = [x] for - 1 = x = 1, where [x] denotes the greatest integer not exceeding x
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Answer

Given function is:

= f(x) = [x], - 1=x=1 where [x] denotes the greatest integer not exceeding x.

Let us check the continuity of the function ‘f’.

Here in the interval xe[ - 1,1], the function has to be Right continuous at x = 1 and left continuous at x = 1.

= xl_i.11n+ flx) = xl—iolfl+ [x]

= lim f(x) = Pliln}r h[:xi] where h>0.

x—=1+

= lim f(x) = lim1
x—=1 + h—0

= 31_1.1111+ flx) =1... (1)

= lim f(x) = lim [x]
x—=1— Xx—=1-—

= lim f(x) = lim [x], where h>0
¥x—=1— x—1-h

= xllI}l_f[:X) = EE})O

= lim f(x) = 0 ... (2)

x—1-—

From (1) and (2), we can see that the limits are not the same so, the function is not continuous in the interval
[-1,1].

. Rolle’s theorem is not applicable for the function f in the interval [ - 1,11].

1 C. Question

Discuss the applicability of Rolle’s theorem for the following functions on the indicated intervals :
f(x) =sin1/xfor-1=x=<1

Answer

Given function is:

= f(x) = sin (1) for - 1=x=<1

X
Let us check the continuity of the function ‘f’ at the value of x = 0.

We can not directly find the value of limit at x = 0, as the function is not valid at x = 0. So, we take the limit
on either sides and x = 0, and we check whether they are equal or not.

Right - Hand Limit:
1
= lim f(x) = li in|-
Jim (%) Jim sin (K)
We assume that the limit lim sin (E) — k kel - 1,11.
h—0 h

. . , 1
= lim f(x) = lim 5111(—). where h>0
x—=0 + x—=0+h x

. . . 1
= lim f(x) = limsin (—)
x—=0 + h—0 h+o0

lim sin (1)
h—0 h

= lim f(x) = k (1)

o T e

> Jip 1

Left - Hand Limit:
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. . . 1
= lim f(x) = lim sm(—)
x—=0— x—=0- X

= lim f(x) lim sin(z), where h>0
x—=0-— x—0-h X

1
= lim f(x) = limsin (—)
x—0— (%) h—0 0-h
= lim f(x) = l'msin( 1)

x—=0— h—0 -h
= lim f(x) = lim sin(l)
x—0— h—0 h
= lim f(x) = —lim sin(l)
x—=0— h—0 h

= 11131_f[x) = —k (2)

From (1) and (2), we can see that the Right hand and left - hand limits are not equal, so the function ‘f" is not
continuous at x = 0.

. Rolle’s theorem is not applicable to the function ‘f" in the interval [ - 1,1].

1 D. Question

Discuss the applicability of Rolle’s theorem for the following functions on the indicated intervals :
f(x) = 2x2 - 5x + 3 on [1, 3]

Answer

Given function is:

= f(x) = 2x? - 5x + 3 on [1,3]

Since given function ‘f" is a polynomial. So, it is continuous and differentiable every where.
Now, we find the values of function at the extremum values.

= f(1) = 2(1)%-5(1) + 3

=>f(1)=2-5+3

=f(1)=0...... (1)

= f(3) = 2(3)%-5(3) + 3

= f(3) = 2(9)-15 + 3

=f(3) =18-12

From (1) and (2), we can say that,

f(1)=f(3)

. Rolle’s theorem is not applicable for the function f in interval [1,3].

1 E. Question

Discuss the applicability of Rolle’s theorem for the following functions on the indicated intervals :
f(x) =x?3on[-1,1]

Answer

Given function is:

= f(x) = xson[-11]
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Let’s find the derivative of the given function:

(%)

d| x=

TP(x) = -

' 2 -1
=f (X) = EXE

=f(x) = 2x73

S () = 5
3x3
Let’s check the differentiability of the function at x = 0.
. . 2
= Ll_l.léf’(x) = Ll_l}tljaxé

2

E
3(0)2

= LI_I.ICI'F(X) =
:linéf’(x) = undefined

Since the limit for the derivative is undefined at x = 0, we can say that f is not differentiable at x = 0.
. Rolle’s theorem is not applicable to the function ‘f" on [ - 1,1].

1 F. Question

Discuss the applicability of Rolle’s theorem for the following functions on the indicated intervals :

. _[-4x+5 0s=x=

1
| 2x—3. 1<x=2

.

f(x)

P

Answer
Given function is:

= f(x) = {—4x+ 50=x=1
Tl 2x-3,1<x<2

Let’s check the continuity at x = 1 as the equation of function changes.
Left - Hand Limit:

= 111111 f(x) = lim —4x + 5
X1

x—=1-
= 111111 f(x) = —4(1) + 5
x—1—
= lim f(x) = 1
x—=1-—
Right - Hand Limit:

= lim f(x) = lim 2x—3
x—=1+ x—=1+

= xl_i.lfl_'_ f(x) = 2(0) -3
= xl_i.11n+ flx) = —1.... (2)

From (1) and (2), we can see that the values of both side limits are not equal. So, the function ‘f’ is not
continuous at x = 1.

.. Rolle’s theorem is not applicable to the function ‘f’ in the interval [0,2].

2 A. Question
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Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = x2 - 8x + 12 on [2, 6]

Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = x? - 8x + 12 on [2,6]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e., on R.
Let us find the values at extremums:

= f(2) = 22-8(2) + 12

=>f(2)=4-16 + 12

=f(2)=0

= f(6) = 62 - 8(6) + 12

=f(6) =36 - 48 + 12

=f(6)=0

= f(2) = f(6), Rolle’s theorem applicable for function ‘f" on [2,6].

Let’s find the derivative of f(x):

z_
:f,[:x) _ dix ::+ 12)

d(x*? d(2x) d(12)
=>f’[:x) - E:c)_ d:: + dx

=>f'(x) =2x—8 + 0
=f(x) =2x-8

We have f'(c) = 0 ce(2,6), from the definition given above.

=f(c)=0
=22c-8=0
=2c =8

8
=2 = -

2
= C = 4€(2,6)

.. Rolle’s theorem is verified.
2 B. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :

f(x) = x2 - 4x + 3 on [1, 3]
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Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function “f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = x2 - 4x + 3 on [1,3]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e., on R.
Let us find the values at extremumes:

= f(1) = 1% -4(1) + 3

=>f(l)=1-4+3

=f(1)=0

=f(3) =3%2-4(3) + 3

=f(3)=9-12+3

=f(3)=0

- f(1) = f(3), Rolle’s theorem applicable for function ‘f" on [1,3].

Let’s find the derivative of f(x):

d(x®—4x + 3)

=) = dx

d{xZ]_ d4x) + @
dx dx dx

~f(x) =
=f(x) =2x—4+0
=>f(x) =2x-4

We have f'(¢) = 0 ce(1,3), from the definition given above.

=>f(c)=0
=22c-4=0
=2c=4

4
e

2
= C = 2¢€(1,3)

. Rolle’s theorem is verified.

2 C. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = (x - 1) (x - 2)? on [1, 2]

Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":
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a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = (x - 1)(x - 2)? on [1,2]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e, on R.
Let us find the values at extremums:

=f(1) = (1 - 1)(1 - 27

= f(1) = 0(1)?

=>f(1)=0

=f(2) = (2-1)(2 - 27

= f(2) = 1.0

=f(2) =0

- f(1) = f(2), Rolle’s theorem applicable for function ‘f" on [1,2].

Let’s find the derivative of f(x):

_ 232
= fJ[:X) _ di(x 1;:{ 21

Differentiating using UV rule

= f'(x) = (x—z)zx% ¥ (x—1) %

d((x—E]z}
dx

= f(x) = ((x - 2)2x1) + ((x - 1)x2X(x - 2))
=>f(x)=x2-4x + 4 + 2(x?-3x + 2)

= f'(x) = 3x2 - 10x + 8

We have f'(c) = 0 ce(1,2), from the definition given above.
=f(c)=0

=3c2-10c+8=0

sc = 104,/ (—10)2—(4%3x8)

2x3
—_—
S = 104410096
]
1042
=20 = —
&
12 8
=Cc=—o0orc =-
6 6

=>C = ge(l,Z) (neglecting the value 2)

.. Rolle’s theorem is verified.
2 D. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
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f(x) = x(x - 1)? on [0, 1]

Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = x(x - 1)2 on [0,1]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e, on R.
Let us find the values at extremums:

= f(0) = 0(0 - 1)

=f(0)=0

= f(1) = 1(1 - 1)

= f(1) = 07

=f(1)=0

.~ f(0) = f(1), Rolle’s theorem applicable for function ‘f" on [0,1].

Let’s find the derivative of f(x):

' _ dix(x—1)%)
=f'(x) = —
Differentiating using UV rule,

=f(x) = (x—1)°x 22 4

di(x-1)7)
a X—

dx
= f'(x) = ((x - 1)2X1) + (xx2X(x - 1))

=f(x) = (x - 1)2 + 2(x? - x)

=f(x) =x2-2x + 1 + 2x% - 2x

=>f(x) =3x%2-4x + 1

We have f'(c) = 0 ce(0,1), from the definition given above.
=f(c)=0

=3c2-4c+1=0

4+,/(—4)2-(4x3x1)

: p—
2x3
sc = 4+y16-12
> = 41v4
6

6 p
=Cc=-0rc= -

6 6
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- %e(o,l)

. Rolle’s theorem is verified.

2 E. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = (x2-1)(x-2)on[-1,2]

Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = (x2 - 1)(x - 2) on [ - 1,2]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e, on R.
Let us find the values at extremums:

=f(-1)=((-1P-1)(-1-2)

=f(-1)=(1-1)(-3)

= f(-1) = (0)( - 3)

=>f(-1)=0

= f(2) = (22-1)(2 - 2)

= f(2) = (4 - 1)(0)

=f(2)=0

- f( - 1) = f(2), Rolle’s theorem applicable for function ‘f' on [ - 1,2].

Let’s find the derivative of f(x):

Z_ —
= f(x) = d((x d13(x 2))

Differentiating using UV rule,

=f'(x) = (X—Z)x$ +(x2-1) d(Zf]

= f'(x) = ((x - 2)x2x) + ((x? - 1)x1)

=f(x) =2x2-4x + x2-1

=f(x) =2x2-4x-1

We have f'(c) = 0 ce( - 1,2), from the definition given above.
=f(c)=0

=2c2-4c-1=0

=0 = 44,/ (—4)2-(4x2x-1)
2x2
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ﬁc =
4
—
Sc = 44424
4
4+ 246 4-24/6
=c = c =

= =

L]
=c = 1+”?c-rc =1-—

=Sc = 1—%%6(-1,2)

. Rolle’s theorem is verified.

2 F. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = x(x - 4)? on [0, 4]

Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f':

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = x(x - 4) on [0,4]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e., on R.
Let us find the values at extremums:

= f(0) = 0(0 - 4)?

=f(0)=0

= f(4) = 4(4 - 4)?

= f(4) = 4(0)

=f(4)=0

.~ f(0) = f(4), Rolle’s theorem applicable for function ‘f" on [0,4].

Let’s find the derivative of f(x):

d(x(x—4)%)

=) = dx

Differentiating using UV rule,

a2
a9 | d(G-0?)

=>f'(x) = (x—4)?x — -
= f(x) = ((X - 4)2x1) + (XX2%(X - 4))
= f'(x) = (x - 4)2 + 2(x? - 4x)

= f(x) = x2 - 8X + 16 + 2x2 - 8x
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= f'(x) = 3x2 - 16x + 16

We have f'(¢) = 0 ce(0,4), from the definition given above.
=f(c)=0

=3c?-16c+16=0

164,/ (—16)2—(4%3%16)

= =
2x3
oc = 16+/256-192

6

oc = 16+/64

6
g2 24
=2C=-0rc= —
6 6
8
=C = g€(0,4)

. Rolle’s theorem is verified.

2 G. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = x(x - 2)? on [0, 2]

Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = x(x - 2)2 on [0,2]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e, on R.
Let us find the values at extremums:

= f(0) = 0(0 - 2)?

=f0)=0

= f(2) = 2(2 - 2)?

= f(2) = 2(0)?

=f(2)=0

-~ f(0) = f(2), Rolle’s theorem applicable for function ‘f" on [0,2].

Let’s find the derivative of f(x):

a2
> (X) _ d(:((z:f] )

Differentiating using UV rule,

=f(x) = (x—2)°x 2 4

di{(x-2)7)
a X—

dx
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= f'(x) = ((x - 2)°X1) + (xX2X(x - 2))

= f'(x) = (x - 2)% + 2(x% - 2x)

= f(x) = x2 - 4x + 4 + 2x% - 4x

=f'(x) = 3x%-8x + 4

We have f'(c) = 0 ce(0,1), from the definition given above.
=f(c)=0

=3c2-8c+4=0

8+,/(—8)2—(4x3x4)

= =
2x%3
= — g++/64—48
S = g+4/16
(3]
12
=C=—0rc = -
(3]
=c = 1€(0,2)

. Rolle’s theorem is verified.

2 H. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
fix) =x2+5x+60n[-3,-2]

Answer

First let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

=f(x)=x2+5x+60n[-3,-2]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e., on R.
Let us find the values at extremums:

=>f(-3)=(-3°+5(-3)+6

=f(-3)=9-15+6

=>f(-3)=0

=>f(-2)=(-2%+5(-2)+6

=2f(-2)=4-10+6

=>f(-2)=0

- f(-3) =f(-2), Rolle’s theorem applicable for function ‘f on [ - 3, - 2].

Let’s find the derivative of f(x):
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= £ (x) = d(x? -:ij:\-:+6]

dix?) |, d(zx) |, d(8)

= ff —
f [:X) dx dx dx

=>f'x) =2x+5+0
=>f(x)=2x+5

We have f'(c) = 0 ce( - 3, - 2), from the definition given above.

=>f(c)=0
=2c+5=0
=2c=-5
S

=>C=-2.5€e(-3,-2)

. Rolle’s theorem is verified.

3 A. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = cos 2 (x - /4) on [0, /2]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is :
T T
= f(x) = cos2 (x— 1) on [O’E]
We know that cosine function is continuous and differentiable on R.

Let’s find the values of the function at an extremum,

= f(0) = cos2 (0 —E)
= f(0) = cos2 (—E)

= f(0) = cos (—E)

We know that cos( - x) = cosx

= f(0) =0
~1(3) = c0s2(3-3)
~1(3) = cos2()

+1(9) - eos()
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~1(3) = 0
We got f(0) = fG) so there exist a ce (0, E) such that f'(c) = 0.

Let’s find the derivative of f(x)

d(cos2(x-1))

dx

= f'(x) = —sin (2 (X B E)) a(2(=-3))

T =

=f'(x) = —251112(}{—2)
We have f'(c) = 0,
ﬂ—ZsinZ(c—E) =0
=C—E =0

- - 2603)

. Rolle’s theorem is verified.

3 B. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = sin 2x on [0, /2]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given fuction is:

= f(x) = sin2x on [0%]
We know that sine function is continuous and differentiable on R.
Let’s find the values of function at extremum,

= f(0) = sin2(0)

= f(0) = sin0

=f(0)=0

=fG) = sin2 G)

= fG) = sin(m)
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We got f(0) = fG) so there exist a ce (0, E) such that f'(c) = 0.

Let’s find the derivative of f(x)

d(sin2x)

=) = dx

d(2x)
dx

= f'(x) = cos2x

= f'(x) = 2cos2x
We have f'(c) = 0,
= 2cos2c =0

m
=2C = —
2

vc=2e(03)

. Rolle’s theorem is verified.

3 C. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = cos 2x on [- /4, /4]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:
M m

= C0S2X on ——,—]
4" 4

We know that cosine function is continuous and differentiable on R.

Let’s find the values of the function at an extremum,

1) = w2
= f(0) = cos (— g)

We know that cos( - x) = cosx

=f(0)=0

~1(3) = con2(?)
s(2)

U
-
—_—
[SW =
P
Il

We got f(— E) = fG) so there exist a ce (—EE) such that f'(c) = 0.
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Let’s find the derivative of f(x)

=’fJ[:X) _ d(c::?x]
=f'(x) = — sin2x 22

dx
= f'(x) = - 2sin2x

We have f'(c) = 0,

= -2sin2c =0

=22c=0

- - 2e03)

. Rolle’s theorem is verified.

3 D. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = eXsin x on [0, m]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = eXsinx on [0,7]

We know that exponential and sine functions are continuous and differentiable on R.
Let’s find the values of the function at an extremum,

= f(0) = e%in(0)

= f(0) = 1x0

=f(0) =0

= f(m) = eMsin(m)

=f(m) = e"x0

=>f(m) =0

We got f(0) = f(m), so there exist a ce(0, ) such that f'(c) = 0.

Let’s find the derivative of f(x)

o [:X) _ d(e’:{inx]

d(e¥) 1 X d(sinx)

=f'(x) = simr;—dx —

= f'(x) = eX(sinx + cosx)
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We have f’(c) = 0,
= e%(sinc + cosc) =0
= sinc + cosc =0

1

. 1
= —sinc + —cosc = 0
v 2 V2

N 1 0 T ™
= s51n (:) sinc + cos (1) cosc = 0

=>-:-::os(c—g) =0

R R
S>C—— = —

4 2
=C = %ﬂe(ﬂ,ﬂ)

. Rolle’s theorem is verified.

3 E. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = eX cos x on [- /2, /2]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = eXcosx on [—gg]

We know that exponential and cosine functions are continuous and differentiable on R.

Let’s find the values of the function at an extremum,

+1(2) = s

:f(—g) — ez x0

(D) -

~1(3) = evcos(3)

= () = ez X0

=>f(m) =0

We got f(— g) - f(g) so there exist a ce (_EE) such that f'(c) = 0.

Let’s find the derivative of f(x)

o [:X) _ d(e’;iosx]
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d(eX d(cos:
= f'(x) = cosx E:;] + e* (:;ﬂ]

= f'(x) = eX( - sinx + cosx)
We have f'(c) = 0,
= e¢(-sinc+cosc) =0

= -sinc + cosc = 0

-1 ., 1
= —sinc + —cosc = 0
v 2 v 2
. m . T
= —sgin (1) sinc + cos (1) cosc = 0
T
= (08§ (c + 1) =0

bl bl
=>C+ - ==
4 2

-c=3e(-23)

. Rolle’s theorem is verified.

3 F. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = cos 2x on [0, 1]

Answer

First, let us write the conditions for the applicability of Rolle’'s theorem:
For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].
b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = cos 2x on [0,1]

We know that cosine function is continuous and differentiable on R.
Let’s find the values of function at extremum,

= f(0) = cos2(0)

= f(0) = cos(0)

=f(0)=1

= f(m) = cos2(m)

= f(mr) = cos(2m)

=f(m) =1

We got f(0) = f(m), so there exist a Ce(0,m) such that f'(c) = 0.

Let’s find the derivative of f(x)

d{cos2x)

=) = dx
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=f'(x) = —SiIlZX%

= f'(x) = - 2sin2x

We have f'(c) = 0,
=-2sin2c =0

=22c=0

=C = EE(O,TL’)

. Rolle’s theorem is verified.
3 G. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :

f(x)= Sl:f on0<x=<m

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:
For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].
b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = = on [0m]

This can be written as

= f(x) = e ~*sinx on [0,1r]

We know that exponential and sine functions are continuous and differentiable on R.
Let’s find the values of the function at an extremum,

= f(0) = e ~ %sin(0)

= f(0) = 1x0

=f(0) =0

= f(m) = e "sin(m)

=flm) = e ™x0

=fln) = 0

We got f(0) = f(m), so there exist a ce(0, ) such that f'(c) = 0.

Let’s find the derivative of f(x)

Sf(x) = d(e™*sinx)

dx

. d(e7¥ . disins
=f'(x) = smx% + e "%

Get More Learning Materials Here : & m @\ www.studentbro.in



= f'(x) = sinx( - e ~X) + e ~ *(cosx)
= f'(x) = e “*( - sinx + cosx)

We have f'(c) = 0,

=e "¢ -sinc+ cosc)=0

= -sinc + cosc =0

1 . 1
= ——sinc + —cosc = 0
v 2 V2
. m . T
= —sgin (1) sinc + cos (1) cosc = 0
T
= (08§ (c + 1) =0

m m
=2C+— = —
4 2

=C = EE[:O,TL’)

. Rolle’s theorem is verified.

3 H. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = sin 3x on [0, m]

Answer

First, let us write the conditions for the applicability of Rolle’'s theorem:
For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].
b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = sin3x on [0,71]

We know that sine function is continuous and differentiable on R.

Let’s find the values of function at extremum,

= f(0) = sin3(0)

= f(0) = sin0

=f(0)=0

= f(1r) = sin3(m)

= f(11) = sin(3n)

= f(m) = 0

We got f(0) = f(m), so there exist a ce(0, ) such that f'(c) = 0.

Let’s find the derivative of f(x)

d(sin3x)

dx

= f(x) =
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=f'(x) = cosBx—dS:J

= f'(x) = 3cos3x
We have f'(c) = 0,

= 3c0s3c =0

=3c = =
2
=C = EE[:O,TE)

.. Rolle’s theorem is verified.
3 1. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x)= el""gml[—l. 1]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = e on[-1,1]

We know that exponential function is continuous and differentiable over R.

Let’s find the value of function f at extremums,
=f(—1) = et~(-1°

=>f(—1) = el

=f(-1)=el
>f(-1)=1
=f(1) = etV
=f(1) = el
= f(1) = e
=f(1)=1

We got f( - 1) = f(1) so, there exists a ce( - 1,1) such that f'(c) = 0.
Let’s find the derivative of the function f:

d(er )

TP =5

= f(x) = el—xzd{t;‘z}
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=f'(x) = e!™(—2x)

We have f'(c) = 0

= el (=2¢) = 0

=22c=0

=C = 0e[-1,1]

. Rolle’s theorem is verified.

3 J. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = log(x? + 2) - log 3 on [-1, 1]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:

= f(x) = log(x?2 + 2) - log3 on[ - 1,1]

We know that logarithmic function is continuous and differentiable in its own domain.
We check the values of the function at the extremum,

=f(-1) =log(( - 1)2 + 2) - log3

=f(-1) =log(l + 2) - log3

=f(-1) =log3 -log3

=>f(-1)=0

= f(1) = log(1% + 2) - log3

= f(1) = log(1 + 2) - log3

= f(1) = log3 - log3

=>f(1)=0

We have got f( - 1) = f(1). So, there exists a c such that ce( - 1,1) such that f'(c) = 0.
Let’s find the derivative of the function f,

d{log{xz + 2)—10g3]

=f'(x) =

dx
1 dix® +2
=>fJ[:X) - %2 +2 (“d:\:— ]_0
23
=100 = 53

We have f'(c) = 0

Zc
= =

c? +2
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=22c=0

=c=0e(-1,1)

. Rolle’s theorem is verified.

3 K. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = sin x + cos x on [0, n/2]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:

= f(x) = sinx + cosx on [0%]
We know that sine and cosine functions are continuous and differentiable on R.
Let’s the value of function f at extremums:

= f(0) = sin(0) + cos(0)

=>f0)=0+1

= f(0) = 1

]
-
—_—
[SW =
P
Il

sin (E) + cos (E)
2 2

=£(Z) =1+ 0

-e2) - s
We have got f(0) = fG) So, there exists a ce(o,g) such that f'(c) = 0.

Let’s find the derivative of the function ‘f’.

__ d{sinx + cosx]
x) = ——

= f'
= f'(X) = cosx - sinx
We have f'(c) =0
= cosc-sinc=0

1 1,
= —cosc——=sinc = 0
v 2 V2

. Ll Ll .
= s51n (:) COSC— COs (:) sinc =0
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- = 2c03)

. Rolle’s theorem is verified.

3 L. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = 2 sin x + sin 2x on [0, m]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:
For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].
b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = 2sinx + sin2x on [0,11]

We know that sine function continuous and differentiable over R.

Let’'s check the values of function f at the extremums

= f(0) = 2sin(0) + sin2(0)

=f(0) =2(0)+0

=f(0) =0

= f(1r) = 2sin() + sin2(fm)

= f(;r) = 2(0) + 0

=>f(m) =0

We have got f(0) = f(mr). So, there exists a ce(0,m) such that f'(c) = 0.

Let’s find the derivative of function ‘f'.

d(2sinx + sin2x)
’
=f [:X) = T ax

= f'(x) = 2cosx + COSZX%

= f’(x) = 2cosx + 2cos2x

= f'(x) = 2cosx + 2(2cos?x - 1)

= f'(x) = 4c0s?x + 2COSX - 2

We have f'(c) = 0,

= 4cos?c + 2cosc -2 =0

= 2cos?c + cosc-1=0

= 2co0s?c + 2cosc - cosc -1 =0

= 2cosc(cosc + 1) - 1(cosc +1) =0

= (2cosc -1)(cosc+ 1) =0
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1
= COSC = - OrCOSC = -1
=>C = EE[:O,TL')
. Rolle’s theorem is verified.
3 M. Question
Verify Rolle’s theorem for each of the following functions on the indicated intervals :

f(x)=

% - sin%on [-1. 0]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:
= f(x) = ~ —sin (E) on[-1,0]
2 5]
We know that sine function is continuous and differentiable over R.

Let’s check the values of ‘f’ at an extremum

=f(—1) _?1— sin (ﬂ(;lj)
=f(-1) = — é —sin (_ﬂ)
=>f[:_1) — _E_(_E)

-f(-1)=0

= f(0) = g— sin (ﬂwj)

&
= f{0) = 0 —sin(0)
=f(0)=0-0
= f(0) = 0
We have got f( - 1) = f(0). So, there exists a ce( - 1,0) such that f'(c) = 0.

Let’s find the derivative of the function ‘f’

= f‘.'[:x) _ d{iz{_sm{%n

dx

dx

2 f'(x) = g— cos(ﬂf)

- £5) = - Zes(2)

We have f'(c) =0
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. . g m
Cosine is positive between -3 =6 <=
values of the cosine repeats.

rala

. . m .
, for our convenience we take the interval to be -3 =0 = 0, since the

We know that 2 value is nearly equal to 1. So, the value of the ¢ nearly equal to 0.
T

So, we can clearly say that ce( - 1,0).
.. Rolle’s theorem is verified.
3 N. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :

6 . ¥ i
f(x) = 2% 4sin’x 01{0: |
T 2

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:
= f(x) = = —4sin’x on [D,E]
b [3)

We know that sine function is continuous and differentiable over R.

Let's check the values of function ‘f’ at the extremums,
= f(0) = %— 4sin?(0)

= f(0) = 0 - 4(0)
=f(0) =0

= 1(2) = L asi (2)
~6(2) = 2-4(2)
~1(3) - 1-3()
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=f(%) = 1-1

]

() -0
We got f(0) = f(g). So, there exists a ce(o,%) such that f'(c) = 0.

Let’s find the derivative of function ‘f.’

d(ﬂ—cl-sinz x)
= rf _ i
f'ix) = Erra—

d(sinx)
dx

=f'(x) = S— 4 % 2sinx x
=f'(x) = S— 8sinx(cosx)
=f'(x) = E— 4(2sinxcosx)
=f'(x) = E— 4sin2x
We have f'(c) =0
(3] .
= ——4sin2c = 0
T
= 43inZ2c = S
= ginZc = fﬂ
We know & < 1
4 2
\ 1
= gin2c < 3
= 2¢ < sin?! G)
=20 <=
5]

=c< %E (0, E)
. Rolle’s theorem is verified.

3 0. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = 45" X on [0, n]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:

= f(x) = 45X on [0,11]
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We that sine function is continuous and differentiable over R.

Let’'s check the values of function ‘f' at extremums

= f(0) = 4Sin(0)
= f(0) = 49
=>f0)=1

= f(1r) = 45T

= f(m) = 49

>f() =1

We got f(0) = f(mr). So, there exists a ce(0,m) such that f'(c) = 0.

Let’s find the derivative of ‘f’

d{4sinx)

S =T

= f'(x) = 4sinx 1034M

=f'(x) = 45"%]og4 cosx
We have f'(c) = 0

= 45IN|ogdcosc = 0
=cosc=0

=C = EE(O,TL’)

. Rolle’s theorem is verified.

3 P. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = x2 - 5x + 4 on [1, 4]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:

= f(x) = x? - 5x + 4 on [1,4]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e., on R.
Let us find the values at extremums:

=f(1) =12-5(1) + 4

=2f(1)=1-5+4

=>f(1)=0
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=f(4) =42-5(4) + 4

=>f(4)=16-20+ 4

=f(4)=0

-~ We got f(1) = f(4). So, there exists a ce(1,4) such that f'(c) = 0.
Let's find the derivative of f(x):

d(x®—5x +4)

=X = dx

d(x* d(5x) d(4)
=) = 50
=>f'(x) =2x—5+0
=f(x) =2x-5

We have f'(c) =0

=f(c)=0
=22c-5=0
=2c=5
= =§

= C = 2.5¢(1,4)
.. Rolle’s theorem is verified.
3 Q. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :

f(x) —sin*x+cos*x on [O.E |
2 |

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:

= f(x) = sin%x + cos*x on [05]

We know that sine and cosine functions are continuous and differentiable functions over R.
Let’s find the value of function ‘f" at extremums

= f(0) = sin*(0) + cos*(0)

= f(0) = (0)* + (1)*

=2f(0)=0+1

=f(0)=1
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U
—

= sin* G) + cos“'(g)
= 1% + 0%

=f

=1+0

1) =

We got f(0) = fG) So, there exists a ce(o,g) such that f'(c) = 0.

]
—
e e
[SW = [SW = [SW =
R
|

Let’s find the derivative of the function ‘f’.

d(sin® 3
= f(x) = (sin ';: cos*x)

d(sinx)

. reoss
=f'(x) = 4sin®x—— + 4 cog3x deosx)

= f'(x) = 4sin3xcosx-4cos3xsinx
= f'(x) = 4sinxcosx(sin%x - cos?x)
= f'(x) = 2(2sinxcosx)( - cos2x)
= f'(x) = - 2(sin2x)(cos2x)

= f'(X) = - sin4x

We have f'(c) =0

=-sindc =0

=sin4c =0

=24c=0o0rm

-~ 2c(03)

. Rolle’s theorem is verified.

3 R. Question

Verify Rolle’s theorem for each of the following functions on the indicated intervals :
f(x) = sin x - sin 2x on [0, n]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = sinx - sin2x on [0,17]

We know that sine function is continuous and differentiable over R.

Let's check the values of the function ‘f’ at the extremums.
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= f(0) = sin(0)-sin2(0)

= f(0) = 0 - sin(0)

=f(0)=0

= f(m) = sin(n) - sin2(m)

= f(mr) = 0 - sin(2m)

=f(m) =0

We got f(0) = f(m). So, there exists a ce(0, ) such that f'(c) = 0.

Let’s find the derivative of the function ‘f’

dsinx—sin2x)
’

=f'(x) = cosx—coszx%

= f'(x) = cosx— 2cos2x

= f'(x) = cosx - 2(2cos?x - 1)
= f'(x) = cosx - 4c0s?x + 2
We have f'(c) = 0

= cosC - 4cos?c + 2 =0

12 [P0

= cosc = s
141+ 33

= COsC = —
_4,—1+433

=¢ = cos }{{——)

-8
We can see that ce(0,11)
.. Rolle’s theorem is verified.

4. Question

Using Rolle’s theorem, find points on the curvey = 16 - %, xe[ - 1,1], where the tangent is parallel to the x -

axis.

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:
For a Real valued function “f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].
b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:
>y =16 -x% xe[ - 1,1]
We know that polynomial function is continuous and differentiable over R.

Let’'s check the values of ‘y’ at extremums
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=y(-1)=16-(-1F

>y(-1)=16-1

>y(-1) =15

>y(l) = 16 - (1)2

>y(l)=16-1

=y(l) =15

We got y( - 1) = y(1). So, there exists a ce( - 1,1) such that f'(c) = 0.

We know that for a curve g, the value of the slope of the tangent at a point r is given by g'(r).

Let’s find the derivative of curve y

=’}’I _ d(16—-x2)
dx

=y =-2X

We have y’(c) =0

=2-2c=0

=c=0e(-1,1)

Valueofyatx=1is

=y =16-0?

=>y =16

.. The point at which the curve y has a tangent parallel to x - axis (since the slope of x - axis is 0) is (0,16).
5 A. Question

At what points on the following curves, is the tangent parallel to the x-axis?
y = x%on [-2, 2]

Answer

First, let us write the conditions for the applicability of Rolle’'s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

sy=x%on][-2.2]

We know that polynomials are continuous and differentiable over R.

Let’'s check the values of y at the extremums

=y(-2)=(-2)

=y(-2)=4

=y(2) = (2= y(2) = 4

We got y( - 2) = y(2). So, there exists a ¢ such that f'(c) = 0.
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For a curve g to have a tangent parallel to x - axis at point r, the criteria to be satisfied is g’(r) = 0.
=y'(x) =

2 _

=>x=0

The value of y is

=y = (0)?

>y=0

The point at which the curve has tangent parallel to x - axis is (0,0).
5 B. Question

At what points on the following curves, is the tangent parallel to the x-axis?

y = el=x" on [-1, 1]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f':

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

>y = el=on[-1,1]

We know that exponential functions are continuous and differentiable over R.
Let’'s check the values of y at the extremums

=y(-1) = e!"

sy(-1)=el-1

sy(-1)=el=y(-1)=1

=y(1) = et
sy(l)=el-1
=y(l) =&
=y(l)=1

We got y( - 1) = y(1). So, there exists a c such that f'(c) = 0.
For a curve g to have a tangent parallel to the x - axis at point r, the criteria to be satisfied is g’(r) = 0.
=y'(x)=0

2
:d(elx]

dx =0
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1-x2 d(l—xz}

=g
dx

=0

=el**(—2x) = 0
=22x=0
=2x=0

The value of y is

sy = al-0?
Sy=el-0
=:oy=e1
=y=e

The point at which the curve has a tangent parallel to the x - axis is (0,e).

5 C. Question

At what points on the following curves, is the tangent parallel to the x-axis?
y=12(x + 1) (x - 2) on [-1, 2]

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f" needs to be continuous in the closed interval [a,b].

b) The function ‘f’ needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

=>y=12(x+ 1)(x-2)on[-1,2]

We know that polynomials are continuous and differentiable over R.

Let’'s check the values of y at the extremums
Sy(-1)=12(-1+1)(-1-2)

=y(-1)=12(0)( - 3)

=y(-1)=0

=y(2) =12(2 + 1)(2 - 2)= y(2) = 12(3)(0)

=y(2)=0

We got y( - 1) = y(2). So, there exists a c such that f'(c) = 0.

For a curve g to have a tangent parallel to the x - axis at point r, the criteria to be satisfied is g’(r) = 0.
=y'(x)=0

_, d(12(x + 1)(x—2))

dx =0

- 12((x + 1D (x- gdEtY ”) -0

=((x+ 1)x1) + ((x-2)x1) =0
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=2Xx+1+x-2=0

=22x-1=0
=>2x=1

1
=¥ = -

2

The value of y is

123+ 1) (-2)
-y = 12()(-

=>y=_27

=y

The point at which the curve has tangent parallel to x - axis is (;,—27).

6. Question

If f:[ - 5,5]—R is differentiable and if f'(x) doesn’t vanish anywhere, then prove that f( - 5)=f(5).
Answer

Given that f is continuous and differentiable in the interval [ - 5,5].

It is also given that f’'(x) doesn’t vanish anywhere.

According to Rolle’s theorem for a differentiable function on [a,b] will have atleast one ce(a,b) such that f'(c)
= 0, if the following condition had satisfied:

= f(a) = f(b).

According to the problem it is given for any value of x, say r the values never equals to zero.
= f'(r)=0

This is possible when Rolle’s theorem is not applicable.

Let us Recap the Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

First, two conditions are satisfied according to the problem, so the only condition that cannot be satisfied is
(c).

So, we can clearly say that f( - 5)=f(5).

7 A. Question

Examine if the Rolle’s theorem applies to anyone of the following functions:
f(x) = [x] for xe[5,9]

Answer

First, let us write the conditions for the applicability of Rolle’'s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).
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c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.

Given function is:

= f(x) = [x] for x€[5,9]

Let us check the continuity of the function ‘f’.

Here in the interval xe[5,9], the function has to be Right continuous at x = 5 and left continuous at x = 5.
Right Hand Limit:

- lip, 100 =l [+

= K1_1.1531+ f(x) = xlis{ll h[:xi] where h>0.

~ i, 0 = Jig s

= lim f(x) =5, (1)

Xx—=5 +
Left Hand Limit:

= lim f(x) = lim [X]

X—a— X—a—

= lim f(x) = \'HI_IEh[X], where h>0

X—5—

= lim f(x) = H}}-’%

X—a—

= lim f(x) = 4

X—a—

From (1) and (2), we can clearly see that the limits are not same so, the function is not continuous in the
interval [5,9].

. Rolle’'s theorem is not applicable for the function f in the interval [5,9].

7 B. Question

Examine if the Rolle’s theorem applies to anyone of the following functions:
f(x) = [x] for xe[ - 2,2]

Answer

Given function is:

= f(x) = [x] for xe[ - 2,2]

Let us check the continuity of the function ‘f’.

Here in the interval xe[ - 2,1], the function has to be Right continuous at x = 2 and left continuous at x = 2.
Right Hand Limit:

- Jlim, 100 — i [+

= xl—i-12n+ f(x) = xlizll}r h[X] where h>0.

= Jim, 109 = 2

= xljlzll+ f(x) =2...(1)

Left Hand Limit:

= 3‘11;%1_ f(x) = “11;%1_ [X]

Get More Learning Materials Here : & m @\ www.studentbro.in



= lim f(x) = lim_[%], where h>0
X—=2— x—2-h

= xllgl_f[:x) = %E}tl)l

= 1iI£1_f'[:X) =1... (2)

From (1) and (2), we can see that the limits are not the same so, the function is not continuous in the interval
[-2,2].

. Rolle’s theorem is not applicable for the function f in the interval [ - 2,2].

8. Question

It is given that the Rolle’s theorem holds for the function f(x) = X3 + bx? + cx, xe[1,2] at the point x = 4/3.
Find the values of b and c.

Answer

First, let us write the conditions for the applicability of Rolle’s theorem:

For a Real valued function ‘f":

a) The function ‘f’ needs to be continuous in the closed interval [a,b].

b) The function ‘f" needs differentiable on the open interval (a,b).

c) f(a) = f(b)

Then there exists at least one c in the open interval (a,b) such that f'(c) = 0.
Given function is:

= f(x) = x3 + bx?2 + cx, xe[1,2]

According to the problem the Rolle’s theorem holds for the function ‘f" atx = g

We can say that ' G’) = 0.

Let’s find the derivative of f(x)

d(x? +bx® + ex)

=) = dx

2 2
rg - 04 0 s
= f'(x) = 3x2 + 2bx + C

We have f’ G) =0
=>3G)2 +20(3)+c=0

-3() +b()+ e -

b
-2+ D=0
3 3

=8b+3c=-16...... (1)

We also have f(1) = f(2)

= (1)3 + b(1)? + c(1) = (2)® + b(2)2 + c(2)
=1+ b(1) +c=8+b(4) + 2c
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On solving (1) and (2), we get
=>b=-5andc=28

. The values of b and cis - 5 and 8.
Exercise 15.2

1 A. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = x2-1on[2, 3]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

=f(o)=

f(x) = x2 - 1 on [2, 3]
Every polynomial function is continuous everywhere on (—x, «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [2, 3] and differentiable in (2, 3). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(2, 3) such that:
f(3) - f(2)
3-2

f(3) - f(2)
1

f(c)=

=f(o)=

f(x) = x2 - 1

Differentiating with respect to x:

f'(x) = 2x

For f'(c), put the value of x=c in f'(x):
f'(c)= 2c

For f(3), put the value of x=3 in f(x):

f(3)= (3)2-1
=9-1
=8

For f(2), put the value of x=2 in f(x):

f(2)=(2)2-1
=4-1
=3

~ f(c) = f(3) - f(2)
=2c=8-3
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=22c=5

5
=c=5 (2, 3)

Hence, Lagrange’s mean value theorem is verified.
1 B. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = x3-2x2-x+ 30n [0, 1]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

=f(o)=

f(x) = x3-2x2-x + 30n [0, 1]
Every polynomial function is continuous everywhere on (—x, «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [0, 1] and differentiable in (0, 1). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(0, 1) such that:

fo-"=1)
S (o=TR MO

f(x) =x3-2x2-x + 3
Differentiating with respect to x:
f'(x) = 3x? - 2(2x) - 1

=3x%2-4x-1

For f'(c), put the value of x=c in f'(x):
f'(c)=3c%-4c-1

For f(1), put the value of x=1 in f(x):
f(1)= (1)3-2(1)?- (1) + 3
=1-2-1+3

=1

For f(0), put the value of x=0 in f(x):
f(0)= (0)3 - 2(0)? - (0) + 3
=0-0-0+3

=3

-~ f(c) = f(1) - f(0)
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=3c?-4c-1=1-3
=3c?-4c=1+1-3
=>3c2-4c=-1
=3c2-4c+1=0
=3c?-3c-c+1=0
=3c(c-1)-1(c-1)=0
=(3c-1)(c-1)=0

= C=

1

| = W

= C=

36(0, 1)

Hence, Lagrange’s mean value theorem is verified.
1 C. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) =x(x-1)on[1, 2]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

f(x) =x(x-1)on[1, 2]

=x2-x
Every polynomial function is continuous everywhere on (—», «») and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [1, 2] and differentiable in (1, 2). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(1, 2) such that:

. f(2) -f(1)
f(c):—z_ )
-~ f =R
f(x) = x2 - x

Differentiating with respect to x:

f'(x) =2x-1

For f'(c), put the value of x=c in f'(x):
f'(c)=2c-1

For f(2), put the value of x=2 in f(x):

f(2)= (2)2 -2
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For f(1), put the value of x=1 in f(x):

f(1)=(1)2-1
=1-1
=0

s f(c) = f(2) - f(1)
=2c-1=2-0
=22c=2+1

=2c=3

3
= C=§E(1, 2)

Hence, Lagrange’s mean value theorem is verified.
1 D. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = x2-3x+2on[-1,2]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

fix) =x2-3x+2on[-1,2]
Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [ - 1, 2] and differentiable in ( - 1, 2). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a pointce( - 1, 2) such that:
f(2) -f(-1)
2-(-1)
f(2) -f(-1)
2+1

flz)-f(-1)
3

f(x) = x2 - 3x + 2

f(o)=
= f(c)=
= f(c)=
Differentiating with respect to x:
f'(x) =2x-3

For f'(c), put the value of x=c in f’(x):

f'(c)=2c-3
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For f(2), put the value of x=2 in f(x):
f(2)=(2)2-3(2) + 2

=4-6+2

=0

For f( - 1), put the value of x= - 1 in f(x):

f(-1)=(-12-3(-1)+2

=1+3+2

=6

' f(2)-f(-1

f 0@ =f=1)
3

5 3_0—6

=2c-3=—

=:-2C=T+3

=22c=-2+3

=2c=-1

-1
=>C=T'E(— 1, 2)

Hence, Lagrange’s mean value theorem is verified.
1 E. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = 2x2-3x + 1 on [1, 3]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

f(x) = 2x2-3x + 1 on [1, 3]
Every polynomial function is continuous everywhere on (—x, «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [1, 3] and differentiable in (1, 3). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(1, 3) such that:

£ (0)= f(3)3 : 1f(1)
RPN )

f(x) = 2x2-3x + 1

Differentiating with respect to x:
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f'(x) = 2(2x) - 3

=4x -3

For f'(c), put the value of x=c in f’(x):
f'(c)=4c-3

For f(3), put the value of x=3 in f(x):
f(3)=2(3)2-3(3) + 1

=2(9)-9+1

=18-8=10

For f(1), put the value of x=1 in f(x):

f(1) = 2(1)2-3(1) + 1

=2(1)-3+1
=2-2=0
' f(3) — f(1
o3 = )
2
4 3_10—0
=4c-3= >
4—10 3
=4c= > +
=4c=5+3
=4c= 8

8
=c=Z= 2e(1, 3)

Hence, Lagrange’s mean value theorem is verified.
1 F. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = x2 - 2x + 4 on [1, 5]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

f(x) = x2 - 2x + 4 on [1, 5]
Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [1, 5] and differentiable in (1, 5). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(1, 5) such that:
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f(S) — f(1)
5-1

f(5) — f(1)
4

f(x) = x2-2x + 4

f(c)=

= f(0)=

Differentiating with respect to x:

f'(x) =2x-2

For f'(c), put the value of x=c in f’(x):
f'(c)=2c-2

For f(5), put the value of x=5 in f(x):
f(5)= (5)% - 2(5) + 4

=25-10+4

=19

For f(1), put the value of x=1 in f(x):

f(1) = (1)2-2(1) + 4

=1-2+4
=3
' f(5) — f(1
TERORL)
L2c-2=2273
4
=:-2c=£+2
4
=22c=4+2
=2C=06

6
=c=5= 3e(1, 5)

Hence, Lagrange’s mean value theorem is verified.
1 G. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = 2x - x2 on [0, 1]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

f(x) = 2x - x2 on [0, 1]
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Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [0, 1] and differentiable in (0, 1). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(0, 1) such that:

f(1) — f(0)
1-0
= f'(c) = f(1) - f(0)

f(o)=

f(x) = 2x - x2

Differentiating with respect to x:
f'(x) =2-2x

For f'(c), put the value of x=c in f’(x):
f'(c)=2 - 2c

For f(1), put the value of x=1 in f(x):
f(1)= 2(1) - (1)

=2-1

=1

For f(0), put the value of x=0 in f(x):
f(0) = 2(0) - (0)?

=0-0

=0

f'(c) = f(1) - f(0)

=22-2c=1-0

=-2c=1-2
=»-2c=-1

-1 1
=>C=_—2=EE(D, 1)

Hence, Lagrange’s mean value theorem is verified.
1 H. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) =(x-1) (x-2)(x-3)on [0, 4]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(o)=
f(x) = (x - 1) (x - 2)(x - 3) on [0, 4]
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= (x%2 - x-2x+ 3) (x - 3)

= (x?-3x + 3) (x - 3)

=x3-3x2+3x-3x2+9x -9

= x3-6x2+ 12x - 9 on [0, 4]

Every polynomial function is continuous everywhere on (—», «») and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [0, 4] and differentiable in (0, 4). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(0, 4) such that:

£ (0)= F(4l :OF(D)
S (o=T0 O

f(x) = x3 - 6x2 + 12x - 9
Differentiating with respect to x:
f'(x) = 3x? - 6(2x) + 12

=3x%-12x + 12

For f'(c), put the value of x=c in f'(x):
f'(c)= 3c? - 12c + 12

For f(4), put the value of x=4 in f(x):
f(4)= (4)3 - 6(4)% + 12(4) - 9
=64-96+48-9

=7

For f(0), put the value of x=0 in f(x):

f(0)= (0)3 - 6(0)2 + 12(0) - 9

=0-0+0-9
=-9
. f(4) - f(0)
f(C)—T
7—-(-9
=>3c2—12c+12=#
4
7+9

=3c2-12c+ 12 =

16
=:-3c2—12c+12=7

=3c?-12c+12=4

=3c?-12c+8=0

For quadratic equation, ax? + bx + ¢ = 0
——

—bxvb? -4ac
2a

¥ =
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-(- 12)¢J(- 12)” - 4x3x8

—c= %3
12+/144 - 96
=C=
6
12+/48
= = —
¢ 6
12+ 44/3
== ——
¢ 6
12&:4”@
== — —_—
=% %6
—2i2”@
=C= 3
2v3 2v3
=C= 2+T,2— TEC

Hence, Lagrange’s mean value theorem is verified.
1 1. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

V¥25-x° on [ -3.4]

Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

f(x)=y25-x20on|[ -3, 4]
Here,

J25-x2>0

=25 -x2>0
= x2 < 25
=-5<x<5

= /25 - x? has unique values forall xe( -5, 5)

-~ f(x) is continuous in [ - 3, 4]
1
f(x)=(25 - x?)2

Differentiating with respect to x:

@‘1Jd[25- x?)

F(x):%(ZS—xz) Ix
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[ury

= F(x):%(ZS— )(2}_E (-2%)

-2
- ()= —
2 (25-x2)2

-2
= F(x)= Al
2 (25 - x2)2

=f(X)=——
+/ 25 - X2
Here also,

V25 -x2>0

>-5<x<5
- f(x) is differentiable in ( - 3, 4)
So both the necessary conditions of Lagrange’s mean value theorem is satisfied.
Therefore, there exists a point ce( - 3, 4) such that:
f(4) — f(-3)
4-(-3)
f(4) -f(-3)
44+ 3

f(4) -f(-3)
7

f(o)=
= f(0)=
= f(c)=

f(x)={25—x2}%

On differentiating with respect to x:

-X
F(X) =———
4 25 - X2

For f'(c), put the value of x=c in f’(x):

-C
fc)= ——
25 - c2

For f(4), put the value of x=4 in f(x):

1

f(4)=(25 - 4%)°
. (4)=(25- 16)2

1
= f(4)=(9)2
= f(4) = 3

For f( - 3), put the value of x= - 3 in f(x):
1
f(-3)=(25-(-3)°)

= f( - 3)=(25—9)%
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~f(-3)=(16)2

=f(-3)=4
. f(4) -f(-3)
flo=—"—=—
-cC 3-4
=1 =
J25-¢2 7
-C -1
= =
J25-¢c2 7

=-7c=-425-¢2

Squaring both sides:

2
=(-7¢)° =(-25-¢2)
= 49¢2 = 25 - 2

= 50c2 =25

1
=Cc=x—€(-3,4
72 ( )

Hence, Lagrange’s mean value theorem is verified.
1 ). Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = tan ~1 x on [0, 1]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

f(x) = tan -1 x on [0, 1]

tan ~ 1 x has unique value for all x between 0 and 1.
. f(x) is continuous in [0, 1]

f(x) = tan -1 x

Differentiating with respect to x:

1

Fo=1%

x2 always has value greater than 0.
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>1+x2>0

-~ f(x) is differentiable in (0, 1)

So both the necessary conditions of Lagrange’s mean value theorem is satisfied.
Therefore, there exists a point ce( - 3, 4) such that:

f(1) - f(0)
1-0
= f'(c)= (1) - £(0)

f(o)=

f(x) = tan ~1 x
Differentiating with respect to x:

1

fi(xX)=——
(0 1+x?
For f'(c), put the value of x=c in f'(x):

1

Flo=11a

For f(1), put the value of x=1 in f(x):
f(l)=tan"11
n
f(1)=—
= f()=7
For f(0), put the value of x=0 in f(x):
f(0) =tan-10

=f(0)=0
f'(c)= (1) - f(0)

1 n 0
1+ T 4°

1 n
=—— = —

1+c2 4

=4 =n(1+c?)
= 4 = n+ nc?
=-nc’=n-4

2_ n-4

=C

2_4_
n

=Co=
4
=c= ’H -1=0.52¢(0, 1)

Hence, Lagrange’s mean value theorem is verified.

n
n

1 K. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :
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f(x)=x +1 on [1. 3]
X

Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

f(x)= x+; on[1, 3]

f(x) has unique values for all xe(1, 3)

. f(x) is continuous in [1, 3]

1
f(x)=x +; on[1, 3]
Differentiating with respect to x:
FO)=1+(-1)(x) 2
1
=f(x)=1- vel

xZ—-1
= F(x) ==

Here,

x2+0

= f'(x) exists for all values except 0

-~ f(x) is differentiable in (1, 3)

So both the necessary conditions of Lagrange’s mean value theorem is satisfied.
Therefore, there exists a point ce(1, 3) such that:

f(3) — f(1)
3-1

f(3) - (1)
2

f(0)=
=f (0)=

1
f(xX)=x+—
(0= x+>
On differentiating with respect to x:

x% -1
xz

fi(x) =

For f'(c), put the value of x=c in f'(x):

-1
C2

f'(c)=

For f(3), put the value of x=3 in f(x):
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H(3)=34+

3
9+1
10
=f(3)="5
For f(1), put the value of x=1 in f(x):
1
f(D=1+7
=f(l) =2
' f(3) — f(1
o =)
2
10
cc-1 52
ST T2
10
=2(c"—1)= cz(——z)
3
10 —6
=:-2(c2—1)=c2( 3 )

=2c? =
6

2
c2=—
—C=3
>c2=3

= c==%,/3¢( -3, 4)
Hence, Lagrange’s mean value theorem is verified.
1 L. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = x (x + 4)? on [0, 4]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

f(x) = x (x + 4)2 on [0, 4]
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= X [(x)2+2(4)(x)+(4)?]

= x(x? + 8x + 16)

= x3 + 8x2 + 16x on [0, 4]

Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [0, 4] and differentiable in (0, 4). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(0, 4) such that:

¢ (C)=F(4l :OF(D)
- fo="B 1

f(x) = x3 + 8x2 + 16x
Differentiating with respect to x:
f'(x) = 3x2 + 8(2x) + 16

= 3x? + 16x + 16

For f'(c), put the value of x=c in f’(x):
f'(c)= 3c? + 16¢ + 16

For f(4), put the value of x=4 in f(x):
f(4)= (4)3 + 8(4)% + 16(4)

=64 + 128 + 64

= 256

For f(0), put the value of x=0 in f(x):

f(0)= (0)3 + 8(0)2 + 16(0)

=0+0+0
=0
. f(4) — f(0)
flO=r "
256 — 0
= 3¢ + 16Cc + 16=T
256
=>3C2+16C+ 16=T

= 3c? + 16¢C + 16 = 64

= 3c? + 16c + 16 -64 =0
=3c?+16c-48=0

For quadratic equation, ax? + bx + ¢ = 0

_ —bxvb? -4ac

X= 2a
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- (16):|:J(16)2 - 4x3x( - 48)

—c= %3
-16++256+576
=C=
6
- 164832
== ——
6
-16+ 813
== —
6
—16:E8\£ﬁ
= =
‘=75 6
_ -8 413
=c=3 3
-8 4413 -8 413
=C= - eC

3773 073 3
Hence, Lagrange’s mean value theorem is verified.
1 M. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x)=xvx* -4 on [2, 4]

Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

f(x)=+x2—40n[2, 4]
Here,

VX2 —4>0

=>x2-4>0

>x2>4

= f(x) exists for all values expect ( - 2, 2)
-~ f(x) is continuous in [2, 4]
f(x)=x2—4

Differentiating with respect to x:

(3-3) d(x? —4)

1 2
(x?—4) Ix

f'(x)=

8]
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1

L (x%2—4) 7z (2%)

= f(x)=

8]

L P02 —

1
2 (x?—4)z

=f(x)=
A X2 — 4

Here also,

\f)(z —4>0

= f’(x) exists for all values of x except (2, - 2)
-~ f(x) is differentiable in (2, 4)
So both the necessary conditions of Lagrange’s mean value theorem is satisfied.
Therefore, there exists a point ce(2, 4) such that:
f(4) - f(2)
4-2

f(4) -f(2)
2

f(x)=vx%—4

f(c)=

= f(c)=

On differentiating with respect to x:

fi(x)=

\f)(2—4

For f'(c), put the value of x=c in f(x):

flo)=

\.'Cz—"}

For f(4), put the value of x=4 in f(x):

f(4) = JE

= f(4) = (16 - 4)%
= f(4)=412

= f(4)= 23
For f(2), put the value of x=2 in f(x):

f(2) = JZ

~f(2) = (4-4)2

=f(2)=0
L f(4) -f(2
o)
2
C 2\.@—0
= =
,"‘I,-',::2__gr 2
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= c=(J3)Jc?-4

Squaring both sides:

- (@ = (BT -4)
=c2=3(c? - 4)
=c?2=3c?-12
=-2c2=-12

-12
-2

=>C2=

>c2=6

=c=.6¢€(2,4)
Hence, Lagrange’s mean value theorem is verified.
1 N. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = x2 + x - 1 on [0, 4]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

f(x) = x> + x - 1 on [0, 4]
Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [0, 4] and differentiable in (0, 4). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(0, 4) such that:

. f(4) — (0
fo="D =0

. f(4) — f(0
NROELC

f(x) = x2 4+ x-1
Differentiating with respect to x:
ff(x)=2x+1

For f'(c), put the value of x=c in f'(x):
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f(c)=2c+1

For f(4), put the value of x=4 in f(x):
f(4)= (4)2+4-1

=16+4-1

=19

For f(0), put the value of x=0 in f(x):

f(0)=(0)2+0-1

=0+0-1
=-1
. f(4) — f(0)
fO=—p—
19-(-1)
=:-2C+1—f
5 1_20
= 2C+ =2
=22c+1=5
=22c=5-1
=22c=4
4
=>C=§=2E(0,4)

Hence, Lagrange’s mean value theorem is verified.
1 O. Question

Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = sin x - sin 2x - x on [0, m]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

f(x) = sin x - sin 2x - x on [0, m]
sin x and cos x functions are continuous everywhere on (—x, =) and differentiable for all arguments.

So both the necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(0, n) such that:

. f(n) — f(0
fo=" g
- f'(c)=w
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f(x) = sin x - sin 2x - X
Differentiating with respect to x:
f(x) = sin x - sin 2x - X

d(2x)
dx

= f'(x)=cosx -2cos2x -1

= f'(x)=cos X — cos 2x -1

For f'(c), put the value of x=c in f'(x):
f'(c) = cosc-2cos2c-1

For f(m), put the value of x=m in f(x):
f(m) =sinm-sin2n-n

=0-0-mn

=-T

For f(0), put the value of x=0 in f(x):
f(0) = sin 0 - sin 2(0) - O
=sin0-sin0-0

=0-0-0

=0

1=r(c)=1‘(r|) ; f(Q)
-n-0

n

= cosc-2cos2c-1=

=C0sCc-2cos2c-1=-1
=cosc-2(2cos?c-1)=-1+1
= cosc-4cos?c+2=0

= 4cos?c-cosc-2=0

For quadratic equation, ax? + bx + ¢ = 0

-b+Vb? -4ac
=
28
—(—1)iJ(—1)2—4x4x(—2)
= COSC= 5%
1£1 + 32
=c0sC= ————
8
1+£/33
= C0SC= a

1+/33
=:-c=cos‘1( ; )E(D,n)

Hence, Lagrange’s mean value theorem is verified.

1 P. Question
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Verify Lagrange’s mean value theorem for the following functions on the indicated intervals. In each find a
point ‘c’ in the indicated interval as stated by the Lagrange’s mean value theorem :

f(x) = x3 - 5x2 - 3x on [1, 3]
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(o)=

f(x) = x3 - 5x2 - 3x on [1, 3]
Every polynomial function is continuous everywhere on (—x, «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [1, 3] and differentiable in (1, 3). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(1, 3) such that:

TLOE !
- fo="RW)

f(x) = x3 - 5x2 - 3x

Differentiating with respect to x:
f'(x) = 3x2 - 5(2x) - 3

= 3x?-10x - 3

For f'(c), put the value of x=c in f’(x):
f'(c)= 3c? - 10c - 3

For f(3), put the value of x=3 in f(x):
f(3)=(3) - 5(3)? - 3(3)
=27-45-9

=-27

For f(1), put the value of x=1 in f(x):

f(1)= (1)3 - 5(1)%2 - 3(1)

=1-5-3
=-7
' f(3) -f(1
ORI )
2

=27 -(-7
=:-3c2—10c—3=( )2( )

=-27+7
=>3c2—10C—3=T+

Get More Learning Materials Here : & m @\ www.studentbro.in



-20
2

=3c2-10c-3=-10

= 3c2-10c - 3=

=3c2-10c-3+10=0
=3c2-10c+7=0
=3c?2-7c-3c+7=0
=2c(3c-7)-1(3c-7)=0
=(3c-7)(c-1)=0

= C=

1

W~

~J

= C=§E(1, 3)

Hence, Lagrange’s mean value theorem is verified.

2. Question

Discuss the applicability of Lagrange’s mean value theorem for the function f(x) = |x]Jon [ - 1, 11].
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(o)=

f(x) = [x| on [ - 1, 1]

-X, X<O0

Sof(x) can be definedas = { X,  x20

For differentiability at x=0,

flo-h) -
LHD = lim_ (0-h -0)
®—0 —h
{Since f(x)= - x, x<0}
i -(0-h)-0
_xl- _ _h
- i h-0
_xl-rrﬂ.l' -h
—_ | h
_xl-rrﬂ.l'——h
=-1
RHD = lim 0= =f(0)
x —0" -h

{Since f(x)= x, x>0}

_ o (0-h)-0
_xlotl' -h
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=M
= lim -h
x—0" —h
=1
LHD+RHD

= f(x) is not differential at x=0

. Lagrange’s mean value theorem is not applicable for the function f(x) = |x] on [ - 1, 1].

3. Question

Show that the Lagrange's mean value theorem is not applicable to the function f(x) = 1/x on [-1, 1].
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

f(x):% on[-1,1]

Here,

x+0

= f(x) exists for all values of x except 0
= f(x) is discontinuous at x=0

-~ f(x) is not continuous in [ - 1, 1]

Hence the lagrange’s mean value theorem is not applicable to the

1
function f(x):; on[-1, 1]

4. Question
"Verify the hypothesis and conclusion of Lagrange’s mean value theorem for the function

f(x)= Jd<x <4

4x -1
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

Letf(x)= on[1, 4]

4x -1
4x - 1>0
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1
= f(x) has unique values for all x except 2

-~ f(x) is continuous in [1, 4]

1

=21

Differentiating with respect to x:
fOO=(-1)(4x-1)"%(4)

4

=>F(X)=—m

Here,

=24x -1>0

1
= f'(x) has unique values for all x except 2

- f(x) is differentiable in (1, 4)

So both the necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(1, 4) such that:
f(4) - f(1)
4-1
f(4) -f(1)
3

f(o)=

=f(o)=

1
4x -1

On differentiating with respect to x:

f(x)=

4

'F‘()() =—m

For f'(c), put the value of x=c in f'(x):

4
flO=-——
(4c-1)
For f(4), put the value of x=4 in f(x):
1
f(4)=m
1
1

For f(1), put the value of x=1 in f(x):
U=3m-1

1

= f(=3—7

Wl

= f(1)=
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f(4) -f(1)
3
1
= - 4 =E_
(4c-1)° 3

= f(c)=

) =

(1 1
= -3(4)= (4c-1) (E'§)

3-15
=-12= (4(:—1}2( 15 )

o[ -12
=-12= (4(:—1) (W)

45 )
= -12x — 5= (4c-1)
= (4c-1)2 =45
= (4c-1) = =45

= (4c-1) =+ 3,/5

+3V5+1
== —
4
3V5+1
sc= ”4 =1.92€(1, 4)

Hence, Lagrange’s mean value theorem is verified.

5. Question

Find a point on the parabola y = (x - 4)2, where the tangent is parallel to the chord joining (4, 0) and (5, 1).
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(0)=

Let f(x) = (x - 4)2 on [4, 5]
This interval [a, b] is obtained by x - coordinates of the points of the chord.
Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [4, 5] and differentiable in (4, 5). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(4, 5) such that:

. f(5) - f(4
f(c)=()5_4()
. f(5) - f(4
=:-F(c)=[:)1 (4)
f(x) = (x - 4)2
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Differentiating with respect to x:
d(x-4)

dx
= f'(x) = 2(x - 4)(1)

f(x)=2(x-4)

= f(x) = 2(x - 4)

For f'(c), put the value of x=c in f'(x):
f'(c)= 2(c - 4)

For f(5), put the value of x=5 in f(x):
f(5)= (5 - 4)

= (1)?

=1

For f(4), put the value of x=4 in f(x):
f(4) = (4 - 47

= (0)?

=0

f'(c) = f(5) - f(4)

=2(c-4)=1-0

=2c-8=1

=2c=1+38

9
=c=3 =4,5¢(4, 5)

We know that, the value of c obtained in Lagrange’s Mean value Theorem is nothing but the value of x -
coordinate of the point of the contact of the tangent to the curve which is parallel to the chord joining the
points (4, 0) and (5, 1).

Now, Put this value of x in f(x) to obtain y:

y=(x-4)
9 2
=:-y=(§—4)
9-8\°
=>y= > )
12
v=()

9 1
Hence, the required pointis (E ; 4_})

6. Question
Find a point on the curve y = x2 + x, where the tangent is parallel to the chord joining (0, 0) and (1, 2).

Answer
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Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

Let f(x) = x? + x on [0, 1]
This interval [a, b] is obtained by x - coordinates of the points of the chord.
Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [0, 1] and differentiable in (0, 1). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(0, 1) such that:

. f(1) — f(0
fo="0 = 1)
RTOC . )

f(x) = x2 + X

Differentiating with respect to x:
fi(x) =2x+1

For f'(c), put the value of x=c in f'(x):
f(c)=2c+1

For f(1), put the value of x=1 in f(x):
f(1)=(1)? + 1

=1+1

=2

For f(0), put the value of x=0 in f(x):
f(0) = (0)> + 0

=0+0

=0

f'(c) = f(1) - f(0)

=22c+1=2-0

=22c=2-1

=2c=1
1
=c=3 =0.5¢(0, 1)

We know that the value of c obtained in Lagrange’s Mean value Theorem is nothing but the value of x -
coordinate of the point of the contact of the tangent to the curve which is parallel to the chord joining the
points (0, 0) and (1, 2).

Now, put this value of x in f(x) to obtain y:

y =x2 + X
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1\* 1
“Y=\z) T2

1 1
V=3T3

1+2
=>Y=T

3

1 3
Hence, the required pointis (E ' a)

7. Question

Find a point on the parabola y = (x - 3)2, where the tangent is parallel to the chord joining (3, 0) and (4, 1).
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

Let f(x) = (x - 3)2 on [3, 4]
This interval [a, b] is obtained by x - coordinates of the points of the chord.
Every polynomial function is continuous everywhere on (—», «») and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [3, 4] and differentiable in (3, 4). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(4, 5) such that:

L f(4) - (3
£ (0= ( 1_3( )
ﬁfr(c)=f(4) I f(3)
f(x) = (x - 3)?

Differentiating with respect to x:
d(x -3)

dx
= f'(x) = 2(x - 3)(1)

fF(x)=2(x-3)

= f'(x) = 2(x - 3)

For f'(c), put the value of x=c in f’(x):
f'(c)=2(c - 3)

For f(4), put the value of x=4 in f(x):
f(4)= (4 - 3)

= (1)?
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=1
For f(3), put the value of x=3 in f(x):
f(3) = (3 - 3)2

= (0)?

=0

f'(c) = f(4) - f(3)

=2(c-3)=1-0

=2c-6=1

=22c=1+6

7
=c=5= 3.5€¢(3,4)

We know that, the value of c obtained in Lagrange’s Mean value Theorem is nothing but the value of x -
coordinate of the point of the contact of the tangent to the curve which is parallel to the chord joining the
points (3, 0) and (4, 1).

Now, Put this value of x in f(x) to obtain y:

7 1
Hence, the required pointis (E ; 4_})

8. Question

Find points on the curve y = x3 - 3x, where the tangent to the curve is parallel to the chord joining (1, - 2)
and (2, 2).

Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

Let f(x) = x> - 3x on [1, 2]
This interval [a, b] is obtained by x - coordinates of the points of the chord.
Every polynomial function is continuous everywhere on (—x, «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [1, 2] and differentiable in (1, 2). So both the
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necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(1, 2) such that:

£ (0)= f(2)2 : 1f(1)
=R

f(x) = x3 - 3x

Differentiating with respect to x:
f'(x) = 3x2 - 3

For f'(c), put the value of x=c in f’(x):
f'(c)= 3c? - 3

For f(2), put the value of x=2 in f(x):
f(2)=(2)° - 3(2)

=8-6

=2

For f(1), put the value of x=1 in f(x):
f(1) = (1)° - 3(1)

=1-3

=-2

f'(c) = f(2) - f(1)
=3c?2-3=2-(-2)
=3c2-3=2+2

=»3c2=4+3

=C= 3
7
=:-C=j; €(1, 2)

We know that, the value of c obtained in Lagrange’s Mean value Theorem is nothing but the value of x -
coordinate of the point of the contact of the tangent to the curve which is parallel to the chord joining the
points (1, - 2) and (2, 2).

Now, Put this value of x in f(x) to obtain y:

y=x3—3x
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9. Question
Find a point on the curve y = x3 + 1 where the tangent is parallel to the chord joining (1, 2) and (3, 28).
Answer

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

Let f(x) = x> + 1 on [1, 3]
This interval [a, b] is obtained by x - coordinates of the points of the chord.
Every polynomial function is continuous everywhere on (—», «) and differentiable for all arguments.

Here, f(x) is a polynomial function. So it is continuous in [1, 3] and differentiable in (1, 3). So both the
necessary conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exists a point ce(1, 3) such that:

. f(3) - f(1)

FlO=—7F7—

(0@ )
2

fix) =x3+1

Differentiating with respect to x:

f'(x) = 3x2

For f'(c), put the value of x=c in f'(x):
f'(c)= 3c?

For f(3), put the value of x=3 in f(x):

f(3)= (3)3+ 3
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=27+3
= 30
For f(1), put the value of x=1 in f(x):

f(1) = (1)3 + 3

=1+3
=4
' f(3) — f(1
f(c)=() (1)
2
32 30-4
= =
2
26
2 —_
=:-3C—2
=3c2=13
13
r—
=:-'Z:—3

_t 13
=C= 3
’13
=C= ?E(lr 3}

We know that, the value of c obtained in Lagrange’s Mean value Theorem is nothing but the value of x -
coordinate of the point of the contact of the tangent to the curve which is parallel to the chord joining the
points (1, 2) and (3, 28).

Now, Put this value of x in f(x) to obtain y:

y=x3+1
3
[ (13 .
=y = 3|+
3
. - 13 13
Hence, the required pointis AW +1

10. Question

Let C be a curve defined parametrically as x = a cos> 8, y = a sin3> 6, 0 <6 =< 1/2. Determine a point P on C,
where the tangent to C is parallel to the chord joining the points (a, 0) and (0, a).

Answer
sin x and cos x functions are continuous everywhere on (—x, =) and differentiable for all arguments.

So both the necessary conditions of Lagrange’s mean value theorem is satisfied.

X = a cos3 0

X
=cos°B=—
a
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] =

X
=cos8= (—)
a
y=asin38
Ssinfe=r
a
1
3
=sinB = (X)
a
We know that,

sin20 + cos?0 =1

2 2
SERIOIE

2 2 2
=(x)3+ (y)3i=(a)3

2 2 2
= (y)3=(@)3 - ()3
=y =[@3-003]
3

2 2717
Let f(x):[ (a)3 - (x)g]

Therefore, there exists a point ce(0, a) such that:
f(a) — f(0)
a-0

f(a) — f(0)
a

f(o)=

=f(o)=
X = acos3 6

dx d(.‘:n::c:s3 8)

“de- de
dx d(cos B)
— 2
=:-—de =3acos 8 x 49
dx
— 2 .
:de =3acos“ 0 x(-sinB)
y = asin3 8

dy _d(asin’8)

“de~ de

d(sin 8)
de

dy . 2
:ﬁ =3asin 8 x

d
I A sin® 8 x ( cos 8)

de
dy
dy _(de
dx | dx
de
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dy_( 3asin® B x( cos B) )

“dx_ \3acos28 x( -sin8)
dy
:a_f’(x)_— tan®

For f'(c), put the value of x=c in f’(x):
f'(c)=-tan©
3
22712
(0= (2)3 - (03 |
For f(a), put the value of x=a in f(x):

2 2 %
f(a)=| (2)3 - (23 |
=0
For f(0), put the value of x=0 in f(x):

f(0)= [ (a)3 - (0)5]%

3

“[of]

=a

{ 9= = 1O
=-tanB = 0-a

=-tanB=—
a

=>-tanB6=-1

=tanB6 =1

=0=-

4

Now put the value of 8 in the function of x and y:

X = a cos> 0

n
_ 32
= X =4acos (4)

T2v2
Similarly,

y =asin3 0

- -3(5)
=y =asin"(7
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= = —
Y 2

a
2v2

a a
So the required pointis (— . —)
a P 2V2  2V2

11. Question

Using Lagrange’s mean value theorem, prove that
(b-a)sec?a<tanb-tana < (b-a)seb, where0 <a<b<nm/2.
Answer

Let f(x) = tan x on [a, b]

We know that, tan x function is continuous and differentiable on

2

differentiable on (a, b).

n n
(D, —) .Since a and b lie between 0 and 5 tanx is continuous and

Lagrange’s mean value theorem states that if a function f(x) is continuous on a closed interval [a, b] and
differentiable on the open interval (a, b), then there is at least one point x=c on this interval, such that

f(b)—f(a)=f(c)(b—a)

f(b) - f(a)
b-a

This theorem is also known as First Mean Value Theorem.

= f(c)=

f(x) = tan x
Differentiating with respect to x:

f'(x) = sec? x

' f(b) -f
fo="2 1)
' f(b) -f
. tanb - tana
= Sec C=?

Since c lies between a and b
=2a<c<b
=>sec?a<sec?c<sec?b

. tanb - tana .

=secZa (b-a)<tanb -tan a< sec?b (b - a)
Hence Proved

MCQ

1. Question

Mark the correct alternative in the following:
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If the polynomial equation agx" + a,_1x" 1 + apox"2 + ....ax2 + a;x +ag =0

n being a positive integer, has two different real roots a and B, then between a and B, the equation n anx”'1
+ (n-1) a1 x"2 + ... + a; = 0 has

A.exactly one root

B. almost one root

C. at least one root

D. no root

Answer

As the polynomial, napx"™! + (n-1) ap.1x"2 + ... + a; = 0 is a derivative of the polynomial agx" + a, _ 1x" "1

+an_ X" "2 4, ayx? + ajx + ag = 0 - (i)
Putting x = 0 in equation (i),

f(0) = ag < 0, {Y - Intercept of the graph is negative}
On the other hand, = an > 0 and ‘n’ is even, the leading term on X", is positive for only x.
For |x| to be large, the term anx, will dominate, so
liM g5 T (X) = 4+

liM g0 F(X) = +o0

If lim 546 f (X) = +, there must exist

Same number a < 0, where f(a > 0)

=+ f(0) =ag <0,

~ 0o <B<0,suchthatf(B) =0

Also, there is some value 0 < q,

Where f(a) & so there exists,

O<b<awithf(b)=0

Additionally, the polynomial function (equation (i)) is continuous everywhere in R and consequently
derivative in R.

map+ap X" l+agoxN 24+ a;x2 + a;x + ag = 0 is continuous on a,B and derivative on a,B.

Thus, it satisfies both the conditions of Rolle' s Theorem.

As per the Rolle’s Theorem, between any two roots of a function f(x), there exists at least one root of its
derivative.

Thus, the equation napx"1 + (n-1) a,.1x"2 + ... + a; = 0 will have at least one root between a & B.
Hence, Option (C) is the answer.

2. Question

Mark the correct alternative in the following:

If 4a + 2b + c = 0, then the equation 3aX + 2bx + ¢ = 0 has at least one real root lying in the interval.
A.(0,1)

B. (1, 2)

C. (0, 2)
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D. none of these
Answer
Let f(x) = ax3 + bx2 + cx + d --------- (i)

~f(0)=d

f(2) = a(2)? + b(2)? + c(2) + d
=8a+4b+2c+d
=2(4da+2b+c)+d

+4a + 2b + ¢ = 0 {Given}
=2(0)+d

=0+d

=d

f is continuous in closed interval [0, 2] and f is derivable in the open interval (0, 2).
Also, f(0) = f(2)

As per Rolle’s Theorem,
ffa)=0for0<a<?2

f'(x) = 3ax® + 2bx + ¢

- f(a) = 3a02 + 2b(a) + C

3aa? + 2b(a) + ¢ =0

Hence equation (i) has at least one root in the interval (0, 2).
Thus, f'(x) must have one root in the interval (0, 2).

Hence, Option (C) is the answer.

3. Question

Mark the correct alternative in the following:

For the function f(x)=x+—.x [1_ 3}the value of c for the Lagrange’s mean value theorem is

1
X
Al

B. .3

C.2

D. none of these
Answer

1
f(x) = X+

x2+1
X

It shows that f(x) is continuous on 1, 3 and derivable on 1, 3.
So, both the conditions of Lagrange’s Theorem are satisfied.

Consequently, there exists c € 1, 3 such that
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1”[:!:) _ f(3; : 1;-(1)

£(3) - £(1)

=
x2+1

flx) = "

X2

f(x) =

-1 1 1 x*-1
=z [ f(x) = x+;,f’(x)= 1—; = ]
x*+1

f(1) = "

12+1

f! [:X) _ ﬂ:3; : i[:l)

_(3) - (1)
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x = +y/3Hence, ¢ — 3 € (1, 3) such thatf'(¢) = f3)- fl(l].

Hence, Option (B) is the answer.

4. Question

Mark the correct alternative in the following:

f'(x)=f'(b)-f(a)
b-a

If from Lagrange’s mean value theorem, we have _then

Ala<xi=b
B.a=x<b
C.a<x<b
D.a=sx3=b
Answer

f(b) —f(a)
—a

“f(x) =

f(b)—f(a)

In the Lagrange’s Mean Value Theorem, c € (a, b) such thatf{'(c) =

f is continuous on [a, b] and differentiable on (a, b), then there exists a real number x € (a, b)

f‘b] f‘*‘ , then x€ (a, b)

So, in the case of xq, f'(x,) =

~a<xy;<b
Hence, Option (C) is the answer.
5. Question

Mark the correct alternative in the following:

Rolle’s theorem is applicable in case of ¢ (x) = a"™, a > 0 in
A. any interval

B. the interval [0, 1]

C. the interval (0, 1/2)

D. none of these

Answer

o(x) =a%"X, a>0

Differentiating the above-mentioned function, with respect to ‘x
®’(x) = log a (cos x a SinX)

~ ®'(c) = log a (cos c a >N

Let ®'(c) =0

loga(coscasinc =0

coscasSnc=0

cosc=0

C C I
osc = Cos—
2
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Also, the above-mentioned function, is derivable and continuous on the interval [0, m].

Thus, here Rolle’s Theorem is applicable on the above mentioned function in the interval [0,m].
Hence, Option (B) is the answer.

6. Question

Mark the correct alternative in the following:

The value of e in Rolle’s theorem show f(x) = 2x3 - 5x2 - 4x + 3, is x €[1/3, 3]

A.2

Answer
f(X)=2X3_5X2_4X+3
F(x) = 6x° - 10x - 4
(x) = 6x

ey = 6c2-10c-4
f'(c) = 6¢

~f(c)=0
~6c2-10c-4=0
3¢2-5¢c-2=0
3c2+c-6c-2=0
c(3c+1)-23c+1)=0
(3c+1)(c-2)=0

c=2orc=—:
3
~c=2€(3
s C= -3
Thus, as per Rolle’s Theorem, c =2 € (51,3).

So, the required value of c = 2

Hence, Option (A) is the answer.

7. Question

Mark the correct alternative in the following:

"The value tangent to the curve y = x log x is parallel to the chord joining the points (1, 0) and (e, e), the
value of is

Ul-e
A- e

(=1} 2e-1)
B. o
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Answer
y = X log x

Differentiating the function with respect to ‘x’,

AP

dx ogx

Slope of tangent to the curve = 1 + log x

And, slope of the chord joining the points, (1, 0) & (e, e)

e
e—1

m=

The tangent to the curve is parallel to the chord joining the points, (1, 0) & (e, e)

~m=1+ log x

e
— =1 4]
e 1 0gx

Hence, Option (A) is the answer.
8. Question
Mark the correct alternative in the following:
. . x(x+1 , ,
The value of c in Rolle’s theorem for the function f(x) = gdefmed on[-1, 0] is
X
e

A.0.5

4

B. 1+

-
-

A

1-+5

-

C.

D.-0.5

Answer

0 - EE+ 1)

Differentiating the function with respect to ‘x’,
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e*(2x+ 1) — x(x+ 1)e*
[:E:\-.' )2

e*[(2x+ 1) —x(x+ 1)]
(ex )2

[(2x+ 1) —x(x+ 1)]
e:{

f'(x) =

f'(x) =

f'(x) =

2x+1—x*—x

! _

f'(x) = -
x+1—x%2

)=
—x*+x+1

! _

f'(x) = "

—c*+c+1

P =

~f'(c)=0

—c*+c+1
— T .o
eC

—c?+c+1=0
c?—c—1=0
Using Sridharacharya Formula,

In a general equation, ax? + bx + ¢ =0
—b + Vb2 — 4ac
2a

X =

_—() = [CDPADD
€= 2(1)

1++5
2

C =

- 1‘;'? € (-1, 0)

So the required value of ¢ = 1‘2"'?’ € (-1, 0).

Hence, Option (C) is the answer.

9. Question

Mark the correct alternative in the following:

The value of c in Lagrange’ mean value theorem for the function f(x) = x (x - 2) where xe [1, 2] is

Al

b | =
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| b

O
b |t

Answer

f(x) = x (x - 2)

f(x) = x2 = 2X

Since, a polynomial function is always continuous and differentiable.

As f(x) is a polynomial function so it is always continuous on 1, 2 and differentiable on 1, 2.
- f(x) satisfies both the conditions of Lagrange’s Theorem on 1, 2.

So, a real number has to exist c € 1, 2, such that

{f(2) - (1)}
(2-1)

_{f(2) -1(1)}
N 1

f'(c) =

= f(x) = x? - 2x
f'(x) = 2x -2

-~ f(1) = 12 - 2(1)
=1-2

=-1
f(2) = 22 - 2(2)
=4-4

=0

{f(2) - (1)}

~ 1 (x) = 1

0—1
F(x) = ——

So,2x-2=1

2x =3
3
X==
2

;c=§eug)

Hence, Option (D) is the answer.
10. Question

Mark the correct alternative in the following:
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The value of c in Rolle’s theorem for the function f(x) = x3 - 3x in the interval [0. \E lis

A.l

B. -1

C.

1| W

| =

Answer
) = x> = 3%

The above mentioned polynomial function is continuous and derivable in R.

~ the function is continous on [0, /3] and derivable on [0, /3]

Differentiating the function with respect to x,

fx) = x° = 3X
fl) =3x° - 3
~f(c) =3c%-3
~f(c)=0
3c2-3=0
c2-1=0
c2=1

c==x1

Hence, c = 1 € [0, /3], as per the condition of Rolle’s Theorem.

The required value is ¢ = 3.
Hence, Option (A) is the answer.
11. Question

Mark the correct alternative in the following:

If f(x) = eXsinx in [0, ], then c in Rolle’s theorem is

A.

o A

Q)
A =A

(%]
A

Answer
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As, f(x) = X Sin x

Differentiating the function with respect to ‘x’,
f'(x) = X Cos x + Sin x &

- f'(c) =e® Cos c + Sin c e°

As, e* Cos x is continuous and derivable in R.

~ it is contionous on [0, ] and derivable on (0, ).
f(0) = €% Sin (0)

=0

f(m) = e™Sinm

=e™(0)
=0
~f(c)=0

f(b) — fi
£(0) = (s_a(a)
_ f(m) —(0)
. m—0
_U—U
e
-0

e Cosc+Sincec=0
e¢(Cosc+Sinc)=0
Cosc + Sinc =0 ----—---- (i)

Cosc=-Sinc

Cosc = —Cos (g— c)

Cosc=cos (TL'—i— G— c))

C05c=cos(ﬁ+g—c)

3n
Cosc= cos( —c)

2
3
c=——¢C
2
5 3
€=3
3
€=7
an
.-.c—TE(o,n)

Hence, Option (D) is the answer.
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Very short answer

1. Question

If f(x) = Ax?2 + Bx + C is such that f(a) = f(b), then write the value of c in Rolle’s theorem.
Answer

f(x) = Ax2 + Bx + C

Differentiating the above-mentioned function with respect to ‘x’,

f'(x) =2Ax + B

f'(c) =2Ac+ B

f'(c)=0
~2Ac+B=0

B .
C=—£ """" (i)

As f(a) = f(b),

f(a) = Aa? + Ba + C

f(b) = Ab2 + Bb + C
AaZ+Ba+C=Ab2+Bb+C
Aa? + Ba = Ab? + Bb
A(@@%2-b%) +B(a-b)=0
A(@+b)(a-b)+B(a-b)=0
(a-b){A(@a+b)+B}y=0

a=b'A=_i

a+b=—§{Asa¢b}

From equation (i)

a+b
€=

Hence the required value is = %b .

2. Question

State Rolle’s theorem.

Answer

Rolle’s Theorem is stated as below: -

Let ‘f’, be a real valued function defined on the closed interval a, b such that
i. It is continuous in the closed interval [a, b].

ii. It is differentiable in the open interval (a, b).

iii. f(a) = f(b)

Then there exists a real number ¢ € (a, b) such that f'(c) = 0.

3. Question
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State Lagrange’s mean value theorem.

Answer

Lagrange’s Mean Value Theorem is stated as below :-
Let f(x) be a function defined on a, b such that

i. It is continuous on a, b and

ii. It is differentiable on a, b.

Then there exists a real number c € a, b such that f'(c) = %.
—a
4. Question

If the value of c prescribed in Rolle’s theorem for the function f(x) = 2x (x - 3)" on the interval

[0_ 2\'6_' 15 E write the value of n (a positive integer).
4

Answer
f(x) = 2x (x - 3)"
Differentiating the above-mentioned function with respect to ‘x’,

f(x) =2[xn (x-3)""1+ (x-3)]

(0 = 2 3)" [ + 1]

“F(C) = 2(c—3)® [%+ 1]

4/ |1_9
4

91‘1
2—(—) ——+1|=0

4 3 ]
Il—irl 0
3 =
(—n +3)

3 =
-n+3=0
-n=-3
n=3

Hence, the required value of ‘n’ is 3.

5. Question

Find the value of c prescribed by Lagrange’s mean value theorem for the function f(x) = ,fX3 _ 4 defined
on[2, 3].

Answer

f(x) =x2—4

Get More Learning Materials Here : & m @\ www.studentbro.in



f(x) will exist, if
x2-4=0

X2 = 4
~X<-20rx=2

-- for each x € [2, 3], the function f(x) has a unique definite value, f(x) is continuous on (2, 3).

f'(x) = i (2x)

X
T2Vxi—4

Exists for all x € (2, 3).

So, f(x) is differentiable on (2,3).

Hence, both the conditions of Lagrange’s Theorem are satisfied.
Consequently, there exists c € (2, 3) such that,

f(3) —f(2)

fl=—33

f(3) — f(2)
=—]

flx) =x2—4

f(3)=32-4

i

V9

V5

f(2) =22 -4

N
=0

N
amg=523¥9
F (0 = \Jﬁl— 0

Squaring both sides,

XE

—(V5)
e
X2
x2—4

5%x2-20-x?% =
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Hence, ¢ = V5 € (2, 3) such thatf’(¢) = f(aa?'i@]

Hence the above explanation verifies the Lagrange’s Theorem.

1. Question

What are the values of ‘a’ for which f(x) = aX is increasing on R?

Answer

f(x) = a*

f'(x) = a*log a

.- f(x) is increasing on R.

~fF(x)>0

~a‘loga>0

.- Logarithmic function is defined for positive values of a.
~a>0

~a*>0

-a%¥loga>0

- It can be possible whenloga* >0 &loga>0ora<0&loga<0O0.

loga=>0

~a>1

Hence, f(x) is increasing when a > 1.

2. Question

What are the values of ‘a’ for which f(x) = a* is decreasing on R?

Answer

f(x) = a*

f'(x) =a*Xlog a

.- f(x) is decreasing on R.

- f(x) <0, VxeR

~a*loga<0,VxeR

- Logarithmic function is not defined for negative values of a.
~aX>0

- a%log a < 0 can be possible when log a < 0,¥x € R.
~1>a>0

Hence the function f(x), whose values are 1 > a > 0.
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3. Question

Write the set of values of ‘a’ for which f(x) = logy x is increasing in its domain.
Answer

f(x) = loggx

Let X1, X2€ (0, =) such that x; < xy.

-- the function here is a logarithmic function, so eithera >1o0or1 >a > 0.
Case-1

Leta>1

X1 < X

- 10g5X7 < loggxs

- f(xq7) < f(x)

X1 < Xo &f(xq) < f(x3), V X7, X2€ (0, )

Hence, f(x)is increasing on (0, «).

Case -2

Let,1>a>0

X1 < Xy

- 10g5X7 > logyxs

= f(xq) > f(xp)

o X1 < X &f(xq) > f(x5), V X7, X2€ (0, )

Thus, for a > 1, f(x) is increasing in its domain.

4. Question

Write the set of values of ‘a’ for which f(x) = logy x is decreasing in its domain.
Answer

f(x) = logyx

Domain of the above mentioned function is (0, «)

Let X7, X2€ (0, =) such that x; < x5.

-- the function here is a logarithmic function, so eithera >1o0or1l >a > 0.
Case-1

Leta>1

X1 < Xy

~ loggxy < logzxs

- f(x1) < f(xQ)

X1 < Xo &f(Xxq) < f(x3), V X7, X2€ (0, )

Hence, f(x)is increasing on (0, «).

Case -2

Letl>a=>0
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X1 < X

- 10g5X7 > logyxs

-~ f(x7) > f(x)

~ X1 < X &f(xq) > f(x5), ¥ X7, X2€ (0, »)
Hence, f(x)is decreasing on (0, «).

Thus, for 1 > a > 0, f(x) is decreasing in its domain.
5. Question

Find ‘a’ for which f(x) = a (x + sinx) + a is increasing on R.
Answer

f(x) =a(x+ Sinx) + a

f(x) =a(l+Cosx)+0

f'(x) = a (1 + Cos x)

For f(x), to be increasing, it must have,

f'(x) >0

~a(l+ Cosx)>0---m- (i)
+-1=Cosx=1VxeR
~0=(1+Cosx)=2VxeR

~a>0{From eq. (i)}

~ae (0, »)

Hence the required set of values is a € (0, ).
6. Question

Find the vales of ‘a’ for which the function f(x) = sinx - ax + 4 is increasing function on R.
Answer

f(x) =Sinx -ax + 4

f(x) =Cosx-a+0

f'(x) =Cos x - a

.- f(x) is increasing on R.

f'(x) >0

~Cosx-a>0

Cosx > a

~Cosx=-1,VxeR

~a<-1

~a€ (-0, -1)

Hence the required set of values is a € (-, -1).
7. Question

Find the set of values of ‘b’ for which f(x) = b(x + cosx) + 4 is decreasing on R.
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Answer

f(x) =b(x+ Cos x) + 4
ff(x)=b(1-Sinx)+0

f'(x) = b (1 - Sin x)

.- f(x) is decreasing on R.

~f(x)<0

b(1-Sinx)<O

+Sinx =1

1-Sinx=0
+b(1-Sinx)<0&1-Sinx=0

~b<0O

~be (-, 0)

Hence the required set of values is b € (-, 0).
8. Question

Find the set of values of a’a’ for which f(x) = x + cosx + ax + b is increasing on R.
Answer

f(x) =x+ Cosx+ax+Db
f(x)=1-Sinx+a+0

f(x)=1-Sinx+ a

For, f(x) to be increasing, it must have

f'(x) >0

~1-Sinx+a=>0

1>Sinx-a

Sinx<a+1

-- the maximum value of Sin x is 1.
Also,1<a+1

a>0

~a€ (0, »)

Hence the required set of values is a € (0, ).
9. Question

Write the set of values of k for which f(x) = kx - sinx is increasing on R.
Answer

f(x) = kx - Sin x

f'(x) = k - Cos x

For, f(x) to be increasing, it must have

f'(x) >0
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~k-Cosx>0

k > Cos x

Cos x <k

-- the minimum value of Xos x is 1.

Also, Cos x < k

~. The minimum value of k is 1.

~ ke (1, ©)

Hence the required set of values is ke (1, «).

10. Question

If g(x) is a decreasing function on R and f(x) = tan™! {g(x)}. State whether f(x) is increasing or decreasing on
R.

Answer

.- g(x) is decreasing on R.

f(x) = tan"1x is an increasing function.
fo g(x) = f(g(x)) = tan"}(g(x))

is a decreasing function

Composite of two functions,

f(x) | g(x) | Composite
1 1 1
1 1 1
1 1 1
1 1 1
Glossary -

T - Increasing

! - For decreasing f(x).
X1 < X

~ g (X1) > g (x2)

Applying, tan'! on both the sides, of the mentioned equation,
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~tanl {g (x1)} > tanl {g (x5)}
- f(xq) > f(x0)

Hence it is decreasing on R.
11. Question

Write the set of values of a for which the function f(x) = ax + b is decreasing for all >eR.

Answer
f(x) =ax+b
f(x)=a+0
f(x) =a

For, f(x) to be decreasing, it must have

f(x) <0

~a<o

~a€ (-0, 0)

Hence the required set of values is a € (-», 0).
12. Question

Write the interval in which f(x) = sin x + cos x, xe[0, /2] is increasing.
Answer

f(x) = Sin x + Cos x, x€ [0, ]

f'(x) = Cos x - Sin x

For, f(x) to be increasing, it must have

f'(x) >0

Cosx-Sinx>0

Sin x < Cos x

Sin x

Cosx

tanx <1

tan x < tanE

~XE [OE)

Hence, the required interval is x € [OE)

13. Question

State whether f(x) = tanx - x is increasing or decreasing its domain.
Answer

f(x) = tan x - x

f'(x) = Sec?x - 1

Sec’x-1=0

Sec?x = 1
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.- 1 + tan?x = Sec?x

~1l+tan’x =1

tan?x = 0

-~ tan?x = 0 Vx € [0, 2m]

- f(x) is increasing its domain.

14. Question

Write the set of values of a for which f(x) = cosx + ax + b is strictly increasing on R.
Answer

f(x) = Cos x + a?x + b

f(x) =-Sinx +a?+ 0

f'(x) = a2 - Sin x

-+ f(x) is strictly increasing on R

~f(x) >0,VxeR
~a%-Sinx>0,VxeR

~a?>Sinx, VxeR

- Maximum value of Sin x is 1.

~ a2 > Sin x, a? is always greater than 1.
aZ>1

a2-1>0

(@a+1)(@a-1)=>0

~a€ (-0, -1)U (1, ©)
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